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Abstract 



o: 



In this paper we found the renormalized free energy of a interacting scalar field on a compact hyperbolic manifold 
explicitly. We have shown a complete expression of the free energy and entropy as a function of the curvature and the 
temperature. Carefully analyzing the free energy we have shown that there exist a minimum with respect to the curvature 
that depend on the temperature. The principle of minimum free energy give us an estimate of the connection between 
stationary curvature and temperature. As a result we obtain that the stationary curvature increases when the temperature 
increases too. If we start from an universe with very high curvature and temperature in the beginning, because of the 
principle of minimum free energy, the universe will reach a new situation of equilibrium for low temperature and low 
curvature. Consequently, the flat space-time is obtained for low temperature. 
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1 Introduction 

The theory of quantum fields in curved space-times have been 
considered by many authors [[1] , [2] , [3]], it deals with fields in 
a external gravitational field and can be considered as preli- 
minary step toward the complete quantum theory of gravity. 

The finite temperature effective potential in quantum field 
theory at finite temperature in curved space-time is the central 
object which should define the behavior of the early universe. 
Unfortunately it is difficult to calculate the finite temperature 
potential in a general curved space-time. Therefore it is very 
natural to deal with some specific spaces which are interesting 
from the cosmological viewpoint. 

We have considered a ultrastatic space-time because the 
spatial section is a manifold with constant curvature, in such 
manifolds for a fixed value of the cosmological time, it des- 
cribe locally spatially homogeneous isotropic universes [4]. 
The compact hyperbolic manifolds also have the constant cur- 
vature spatial section, but the spectrum of the relevant opera- 
tor is, in general, not explicitly known[J. However, there exist 
a mathematical tool, the Selberg trace formula [4], [6], [7] 
and [8], which permits to evaluate some interesting physically 
global quantities, like the vacuum energy or the one-loop fi- 
nite and zero temperature effective potential. 

Throughout the paper we will use the zeta-function techni- 
que for regularizing the path integral [4], [5], [21] and [22]. 

In this work we will consider a model of a self-interacting 
scalar field on a curved space-time with compact hyperbolic 
spatial part [13]. 

The finite temperature effects of this model are studied 



by employing a complex integral representation for the finite 
temperature potential (or free energy) [13]-[19],[22]. 

Taking into account the principle of minimum free energy 
(or maximum of entropy) and analyzing the behavior of 
the renormalized free energy, we can deduce the connection 
between stationary curvature with the temperature. 

2 Finite and zero temperature effec- 
tive Potential 

Before we restrict our attention to the hyperbolic manifolds 
M = S^ X ^^ X H^/r, let us define the zero and finite tem- 
perature effective potential. The Euclidean generating functi- 
onal for Greens functions in a scalar field theory is given by, 
see ref . [ 1 ] 



Ze[J] = e ^ = Ne / V^e ^, (1) 



where We [J] generates connected Greens functions. The Eu- 
clidean action is 



d^x 



Se[^,J] = j 

Let us define the following relation 



-d^^d^^ + -m^ip^ + V{ip) 



(2) 



' When the eigenvalues are known, the zeta function can be computed 
explicitly [see for example ref. [5]] 



5We[J] 
5J{x) 



= -4>c{x), 



(3) 
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(j)c{x) is a classical variable. 2.2 The finite temperature effective potential 

The effective action is defined by rp, ,, , c •. . , rr. i u u, ■ a-u 

The theory at finite temperature, 1 — ^, can be obtained by 

compactifying the imaginary time r and assuming periodic 

/conditions on the fields, 0(t, x) = 0(t + /?,a;). The parti- 
dxcpc [x)J(x) . (4) jJQjj function of a scalar fields in thermal equilibrium at finite 

temperature T,(see ref.[2]) is defined as 
In the one-loop approximation we find that the Euclidean wg[j] r _s i^ n 

generate functional is given by Zfi = e " — Ne / Vcpe " , (11) 



where the field satisfy a periodic boundary condition (p{t + 

Ze [J] = e'^^^lr^ [det S^fi^] "^ , (5) /?) = vi-r)- We define the following relation 

The finite temperature effective action is defined as 

S^^{-d^d^+m^ + V"{c^c)}S{xi-X2). (6) ^ 

r/ji^Z-c] = M//3[J] + f dT f dxJ{x)4>,{x) (13) 

the constant /i is introduced to become the logarithm dimen- Jo J 

sionless. The above expression can be proved to have only di- g^ ^^^^^ ^f ^^^ ^^^^j^ ^f ^j^^ j^^j ^g^^j^j^^ ^^ ^^^ j^^p ^pp^^^j. 

agrams with one independent integral over the four momenta. ^^^^^^ ^^ ^^^ ^^^^ ^^^ ^^^^^^^^^ ^^^^^^^^ ^^ 

2.1 The zero temperature effective potential ^^ = ^ ' ^'^''^ ^2^^ J ^^^^ 

„, ,, u ui , ■, r tJ.^■ ,u f The free energy is given to be 

We expect to be able to write i e [<Pc\ m the form °-^ ° 

V eff\Vc\ )) When (/)c (a;) = cie the free energy per unit volume is 

\A{cj,,{x))d^cj>,{x)d^cj>,{x) + . . . j . (7) ^^v, + —\n [det Sj^^/i^] (16) 

If we set the source equal to zero, then the classical field where Ve = P^- Thus we define the finite effective potential 
takes a constant value (l)c{x) = 0JS In this limit the effective as 
action is given to be „ hF h 

Vc'ff = ^ = K + ^ln[det^,V2] (17) 

VE[^c] = VEV.ff{<^.). (8) ^ ^ Wo 4 

whre Ve is the Euclidian measure. The effective action is ^000 

written a^^ v = -— H — + ^-— . (18) 

4! 2 2 

r£[0] = S'BM + ftfi.i^,] (9) 

h -^ 3 One-Loop Effective Potential on 

Using the Eq.[ll] we can write the effective potential as ^^^j^ ^j^^ p^^^^^^ ^^ ^^^ ^^^ ^^^^.j^^p ^^^^^^^^ potential, we 

, will consider the representation of the zeta-function given by 

''.„ = K., + ^l„[det5,V]. (10) ,,^|^, W.-l)^.,._j|,^, „„ 



VLi 47rr(s) 

1 /■ z- 1 1 

' we need to remember that H — ^; / C,j^(z\r( \- S ) 

47r^(s)7^^ J^^c 2 2 



^You can see looking at in the equation }'r''' = 



\n{ZE[J\) - In e R [det A^t^] 2 



^=0.^— xr(^)('^] ' c(^ + -^-^|i2)dz. 



Renormalized Free Energy on Space-time 



WITH Compact Hyperbolic Spatial Part 



The one-loop effective potential is given by Eq(lO), i.e 

Veff=V, + V^^\ (20) 

We know that the determinant of the operator is relatad to 
zeta-function as 



Vr 



(1) 



1 [A^ 
1287r2 1 2 



3 , 

2 \ A^2 



^2F.iR,,)^'-^^Sm^R 



V{T) 



A 13. 

12 ^ 480 



1/(1) = 



1 



2rt{M) 



1 



„ . s liin 

2n{M) s^o 



lndct{Afi^ 

da-s\A) 
ds 



1 + ln 



A^2 



647rV(J') 



as\A)ln^i' 



(21) 



rn — 1 •■ 

^^ -/(fc)i?[A + i?Mfc)] 



Now we can write the quantum correction by using the above 
results as 



y(i) = T/J^) + V^ 



(22) 



1 



2n{M) { AnQi 



/3 



[Rh'H0:5) 






-z+l 



fi^i 



dz-^i?^2^(0;<5)lnM^ 



The volume is Q,{M.) — /3il,iR^V{T). In order to derive 
the zero temperature contribution we need to calculate the 
derivative of the Bytsenko function 



dJ"(s;(5) _ y(J") 
ds At: 

V{F)dLi{/\'^-' 
27r ds 

^{2-s) 



-VX5 - 1) 



{Q} fc=l 

here we have used 

I{k) = 

9{k) = 

G3(i?,0) = 



A 
h{k) 



1 + ln 



A^2 



e{Q) 



2msin2(^) 

msin(^) 
°° Ir 



(28) 



(29) 



X In 1 + 



(ir 



1 + e^^'' 
Rr^ 



A 



X In 1 + 



1 + e-2'f'' 
i?r2 



i?(i?r2 + A) X 



RiRr"^ + A) 



i/(.) 



+To 



r(s- i)r(2-s) 

dL3(Ai-^) 



r(s-i)r(2-s) 

H'{s) 



(23) 



A 

1 1 o.kn^ 

-- + -csc2(— . 

4 2 m 

R^-R. 



r(s)r(2-s) 



ds 



(24) 



Now we are going to calculate the finite temperature contri- 
bution to quantum corretion of the effective potential 

-4 

CR{z)r{z/2) 



^fi - 



R 



H 



167r2T/(J")i 



fle=C 



Where we have defined 

.l-s\ _ 



ii(A^ 



r(l - tanh7rr)(r2 +(52)1 s^^ 







><r'2-^ 



V{T) 



R 



(V{T)5 



2(2-f) 



^\ 47r(f-2) 



= 2 



r(r2+,52)i 
1 + e2^'' 



-dr. 



i3(Ai-^) 



+ 00 ^— 2TTkr 






«»'^i ^ffrlr^'''-^^' 



l-s 



(25) 



(26) 



(27) 



27r 
(2<5) 



r(l - tanh7rr)(r2 + (^2)1 I dr 



ri-l 

;if|_|[<5fc/(P)]+^^B(Q,fc) 

{Q}fc=l 



2 2 



(30) 



1 + e 



-27rr 



(r2+,52)^-2dr Wz 



where A = <52 + ,2 ,„d To = E{q} Er=Y 5;£!|k) ■ The 
zero temperature contribution to effective potential is written 



After the calculation of the above integrals we find that 

vf^ = vl + v^ + v^^ 



(31) 
3 
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where we have 



, 7r2/3-4 A;9-2 ^^-2 aI^-1 



^^ 90 



87rV2 128^2 ^ 2 



576 24\/27r 
1 fA^ [3 , /327r2 

2+^n^ 



R 


'A 7i?' 
12 ^ 480 




r / 

l + ln 

V 


A2 


7-2i?7 


] 


2 


7R' 

^480_ 



2\ 1 



+ 



Vp' 



327r 
-2F3(i?,, 

16^i^ ^ 167r223"-i 

R^Tih{R,(t,) RiTxh{R,(t))(i-^ 
■i2TTV{F) 4V^7rF(J') 

1 



4 Renormalization of zero tempera- 
ture effective potential 

For simplicity we will consider the massless case m — {). The 
renormalized zero temperature effective potential is defined 
by 



Vn" = Vc + Fi'^ +Va+5V 



(37) 



where 



(33) 



5V 



5\(t)^ S(,R(t)^ 5aR^ 
A\ ^ 2 ^2 

2 



(38) 



VS 



327rT/(J") 



-2^Tig{k)Gi{R,4>)P 



{Q} k=l 

-1 , fik) 



j' 4/(fc)i^^2^-2 



E E r- --:• - (34) 



The counterterms are fixed by the following renormalization 
conditions H 



[RA + R^hk] (35) 






327r23"-3 
where we have defined the following constants 

2r 



s^ = 


dRdcj)'^ 


Sa = 


a2y„« 
ai?2 


S\ - 


94y„(i) 



Fi(-R,< 
Gi(i?,( 

/2(i?,< 
Gn{R,' 



dr- 



l + e2 



+ CXJ 



dr- 



i?(i?r2+A)2 (36) 



:i?(i?r2 + A)5 



_R=0,(A=Ai" 



fl=O,0=A/ 



_R,=0,<^=Af 



(39) 
(40) 

(41) 



The counterterms were computed explicitly, they are 



1 + e^27rr' 

2r 
dr— ^-i?(i?r2+Ar 



(5A 



327r2 



3 In 



X(j)'fi 



2, ,2 



(42) 



1 + e2'^'- 

27rfe 

dr- 



192 



2n/D„2 I A\l-n 



1 + e 



-2irr 



i?2»(i?r-2 + A) 



^1 = EE-^(^'^) 

{P}r fc=l 

rn— 1 

^0 = EE^(^'Q) 

{Q} fc=i 
5 = y.M)"^i-2"r(n-i)C(2n-l) 

n=2 



-6ACln 
^6A/feln 



1 



AAf2^2 

1 

AMV 



T^F - 12 A C l^F + 6 A /fc In (2) TT 



^1 = E 



n=2 



(n + l)!23"-i 

2(-l)"7ri-2«p(„ _ i)C(2n - 1) 

(n)!23«-i 



- A In (2) V^F - A In 
-12A/fe^}^-2y^-: 



-5^ 



A Af 2^2 



Vf 



(43) 



A 

327r2 


r / 

2 + In 

V 


2 ). 


[1 , hn] 




.6 


^ Vf\ 





(44) 
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where we have used the following notation 

2r 



F3 
G3 

fk 

9k 



dr- 



1 



dr- 



(45) 



In writing the above expression becomes 

V5f = aR^ + bRcj)'^ + c(j)^ + d+ [eR^ + f R(t>'^ 



-2-Kr 



eiQ) 



+#')ln 



RI3~ 



XM^ 



M^-2^R+1^ 



90 



A/3- 



48 



Ai/3-i ^i(i?,0)/3-i 



2msin2(M) 
msinf— ) 



576 24\/27r 
1 [A^ ' 
'l287r2 It 



87r\/2 
327r2 



^+^"V/?2A 



, fcTT, 



J = CSC (- 

III 

Thus, the renormalized zero effective potential is a very com- 
plicated expression 



A 7R 
12 ^480 



-R 

-A'^j - 2i?7 



1 + ln 



32n' 

^52A 



2F3(i?,. 



V - "^'c 



ai?2 



Vr 



(1) (5A(/)4 (5^i?02 ^a^2 



4! 



ai?2 + 6i?02 + c(/)'' + rf + (ei?2 + /i?02 _^ ^^4^ 
XM* 



X In 



A(/)2_2ei?+f 



(46) 



A IE 
12 ^480 

SA"+li?"+1^2n-2 5'^j^„(fl,0)/32n^2 

m^ ^ 167r223"-i 

R^Tih{R,(b) RiTih{R,4))p-^ 
i2TiV{F) A^/2ttV{T) 

1 ^"^^ r4/(fc)i?7r2/3-2 



where a, 6, c, d, e, / and g are constants. 



327ry(J") 



EE 



4.1 Linear curvature approximation 

Taking into account only linear terms in curvature, we find 
the following result 



V^ 



X<j)^ 1 

IT " 2 

XR(f>^ 



GAtt^Vf 



^R4>^ 
ln( 



A 



2j,4 



2567r2 



ln( 



M2 

1 

" 6 



25 



{Q} fc=l 

-2i^g(fc)Gi(i?,0)r' 

rogiG„(fl,(/»)/32»-2 
327r23"-3 



3 

2 

5(fc) 



RA + R^h(k)] 



(50) 



+ /fe) (47) 5.1 High Temperature Limit 



the expression above agree with the result of the reference 
[13]. It is very ease to check that when the curvature is zero 
{R = 0) we obtain the well know result of S. Coleman and 
E. Weinberg [24] 



The limit of high temperature (/3 -^ 0), and when the curva- 
ture is equal zero (R = 0) we find the result of the literature 



° 4! 



A2(/,4 

2567r2 



\ f<f>\ 25- 



(48) 



v^jf ^c4>^ + d- 



A5/3- 



In 



AM 



41 



2«-4 



7r2/3 



Ap- 



A 



24^/27r 1287r2 \ 2 



2 r 



A02 



90 

327r2 



A27 



5 Renormalized Finite Temperature 
Effective Potential 

All the ambiguities of the effective potential are in the zero 
temperature effective potential (Vb). Therefore we must de- 
fine the finite temperature effective potential in a way that 
the finite temperature part is not affected by the renormali- 
zation processes, namely, when the temperature is equal zero 
(T = 0) the finite effective potential goes to the zero tempe- 
rature effective potential. Following the above considerations 
the finite temperature effective potential is defined by 



(51) 



less than a constant that does not depend of the temperature, 
the above limit result agree with the literature again [23]. 



6 The behavior of the Free Energy 

The free energy F is defined in term of the effective potential 

as 



Veff - ^0 



V, 



(1) 



fi 



(49) 



F = -K 



eff- 



(52) 
5 
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We can define the order parameter (< 0|(/>(a:;)|0 >= 
the following extreme condition 



dF 







by 



(53) 



By mean of this equation we can eliminate the order parame- 
ter by chosen the solutions to positive temperature and curva- 
ture. From above expression we find two different solutions 
to the order parameter, they are solutions very complicated, 
found using the Mathematica-5 program. When we substi- 
tute these two solutions in the free energy, we observe that the 
behavior of the free energies are the same to them. Further- 
more, none of the roots intercept themselves. Therefore, we 
chose the solution of less energy. 

The next step is to study the behavior of the free energy 
of our model. For a constant value of the temperature, the 
behavior of the free energy for low curvature values is shown 
in the graph of Figure- 1. The behavior of the free energy 




Temperature 



Figura 2: The behavior of the free energy with respect to the 
temperature for a constant value of the curvature 



Free energy 




1/ 0.015 0.02 



0.8898 



Figura 1 : The behavior of the entropy with respect to the cur- 
vature for a constant value of the temperature 



with respect to the temperature for a constant value of the 
curvature can be seen in the graph of the Figure-2. 



The equilibrium state of the system is given by a minimum of 
the free energy as a function of the temperature and the stati- 
onary curvature, i.e., that is the statement of the principle of 
minimum free energy. The stationary curvature is a function 
of the temperature. But, we only can estimate numerically 
this stationary curvature for a given value of the temperature. 
Because the expression is very complicate. When the tempe- 
rature increases, the value of the stationary curvature incre- 
ases too. Therefore, we can write the following relation of 
proportionality for the state of equilibrium: R^. ex T. 

This result can be once again emphasized in a very simple 
curvature way. Because of the principle of minimum free energy (or 
maximum of the entropy in equilibrium situation), the cur- 
vature is connected with the temperature. If we consider the 
primordial universe with very high temperature, then the cur- 
vature will be very high too. This model is consistent with 
a primordial universe with large curvature and temperature, 
and another situation where the universe is evolving into a 
new situation of low temperature and low curvature. In other 
words, for low temperature the universe described by our mo- 
del becomes flat. 



7 Remarks and conclusions 

In this paper we have calculated the one-loop finite tempera- 
ture effective potential (or free energy ) for a system of scalar 
particles on a manifold with compact hyperbolic spatial part. 
We have renormalized the zero temperature part of the finite 
temperature effective potential, and our result are according 
with [13]. In the limit of high temperature and a flat space- 
time {R — 0) we found the well know result of the literature, 
see for example [23]. 

Carefully analyzing the free energy of our model, we rea- 
lize that there exist a minimum of the free energy with respect 
to the curvature. We call this minimum by Fm{Re,T), where 
Re is a stationary curvature that minimize the free energy. 
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